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0. Introduction
A function f analytic in the unit disk D belongs to the Bloch space B (see [1]) if
‖ f ‖B = sup
z∈D
∣∣ f ′(z)∣∣ · (1− |z|2)< ∞. (1)
Also, we say that f belongs to the little Bloch space B0 if
lim
|z|→1−
∣∣ f ′(z)∣∣ · (1− |z|2)= 0.
If we identify functions that differ by a constant, then B becomes a Banach space with norm (1), and B0 is a closed subspace
of B.
Consider a non-constant holomorphic map φ deﬁned on D with φ(D) ⊂ D. Such a function φ is called self-map of D.
For every holomorphic function f on D, the composition operator Cφ yields the function Cφ( f ) = f ◦ φ. The map φ is called
the symbol of the linear operator Cφ . The chain rule and the Schwarz–Pick lemma show that every composition operator
is bounded on the Bloch space. In order to get a continuous composition operator on B0, it is necessary and suﬃcient that
φ ∈ B0 (see [12]).
In this paper, we are interested in the characterization of the norm-attaining composition operators on B and on B0.
Recall that a bounded linear operator T on a Banach space X attains its norm on X if there exists a function f ∈ X with
norm 1 such that ‖T‖ = ‖T f ‖. Such a function f is called an extremal function for the norm of T .
It is a corollary of a theorem of James (see [7]) that a Banach space X is reﬂexive if and only if any compact operator
on X is norm-attaining. If X is not a reﬂexive space (e.g., B or B0), the same theorem provides a bounded rank one operator
which does not attain its norm.
The question of norm-attaining composition operators was ﬁrst explicitly studied by Hammond [9] for the Hardy
space H2. The relationship between the norm-attaining composition operators and the extremal functions for ‖Cφ‖ has
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special class of composition operators on the classical Dirichlet space D is norm-attaining is useful in the study of ‖Cφ‖;
see [10]. Also, it was proved in [2] that the normalized reproducing kernels for the Hardy space H2 are not necessarily
extremal functions for ‖Cφ‖, answering a question posed by Cowen and MacCluer in [6, p. 125].
The starting point in [9] is the following general property that is applied to the composition operators on H2: if ‖T‖e <
‖T‖ (here, ‖T‖e denotes the essential norm of T ) for a bounded operator T on a Hilbert space, then the operator is norm-
attaining. In this paper we are also concerned with composition operators but on two non-Hilbert spaces, namely the Bloch
space and the little Bloch space (modulo constant functions). In these cases formulas for ‖Cφ‖ and for ‖Cφ‖e are known
(see [12] and [16]).
In order to decide whether Cφ attains its norm, it is useful (although not indispensable) to know the value of the
norm ‖Cφ‖. Computing the norm of a general composition operator is quite diﬃcult in most of the classical function spaces.
However, Montes-Rodríguez [15] obtained the following nice formula for the norm of a general composition operator on
both B and B0:
‖Cφ‖ = sup
z∈D
∣∣φ∗(z)∣∣, (2)
where φ∗ is the hyperbolic derivative of φ deﬁned by
φ∗(z) = φ
′(z) · (1− |z|2)
1− |φ(z)|2 , z ∈ D. (3)
We give an alternative way of proving (2) that provides more information about the norm-attaining composition op-
erators on B and B0. Namely, we show that every composition operator attains its norm when it acts on B. We also
characterize the norm-attaining composition operators Cφ on B0 in terms of a condition related to the hyperbolic derivative
of their symbols. Various examples are given throughout the paper that illustrate the possible situations. We also identify
all the extremal functions for ‖Cφ‖ in both spaces.
Using the characterization of the norm-attaining composition operators on B0 and the formula for ‖Cφ‖e , we prove that
whenever the essential norm ‖Cφ‖e is strictly less than the norm, Cφ attains its norm on the little Bloch space. Notice that
this easily implies that every compact composition operator is norm-attaining.
1. Preliminaries
1.1. Automorphisms of the disk
Given a ∈ D, we denote by ϕa the involutive automorphism of the disk that interchanges the points z = 0 and z = a
deﬁned by
ϕa(z) = a − z
1− az . (4)
Using the Schwarz lemma, one can prove that every automorphism ψ of D must have the form λϕa for some a ∈ D and
|λ| = 1. Using this expression for the disk automorphisms, it is easily obtained that whenever ψ is such a map,
∣∣ψ∗(z)∣∣= |ϕ′a(z)| · (1− |z|2)
1− |ϕa(z)|2 ≡ 1, z ∈ D.
Note that the Bloch norm of every automorphism of the disk is equal to 1, and that they all belong to B0.
1.2. The logarithmic maps
It is known that whenever f ∈ B and ‖ f ‖ = 1, then
∣∣ f (z) − f (0)∣∣ 1
2
log
1+ |z|
1− |z| , z ∈ D.
The equality is attained at z = Reiθ ∈ D by the logarithmic functions
Lθ (z) = 1
2
log
1+ e−iθ z
1− e−iθ z . (5)
Note that all these functions have norm equal to 1, but none of them belongs to B0 because |L′θ (z)| · (1− |z|2) = 1 for every
complex number z of the form Reiθ , R ∈ (−1,1).
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Whenever φ is a self-map of D, that is, φ is analytic in the unit disk and φ(D) ⊂ D, we say that φ is in the hyperbolic
little Bloch class Bh0 if
lim
|z|→1−
∣∣φ∗(z)∣∣= 0,
where φ∗ is the hyperbolic derivative of φ deﬁned by (3). Note that Bh0 is not a linear space since φ is required to be a
self-map of D.
As it was noted in [20] (where the existence of an inner function in the hyperbolic little Bloch class was proved),
membership of φ in Bh0 has a simple geometric interpretation when φ is univalent, since the Bloch norm (1) is comparable
to the distance from φ(z) to ∂φ(D). Namely, for a univalent function φ ∈ Bh0 , denoting by d(φ(z), ∂φ(D)) the distance from
φ(z) to ∂φ(D), we have
d(φ(z), ∂φ(D))
1− |φ(z)|2 → 0, |z| → 1
−.
In fact, whenever φ ∈ Bh0 is a univalent self-map of the disk onto a simply connected domain G ⊂ D, where ∂G is a
locally connected set with a corner of opening πα (as deﬁned in [18, p. 51]) at a point φ(ζ ) of modulus 1, such a corner
must be an outward-pointing cusp, that is, α = 0. An easy proof of this result follows from the main theorem in [13].
The connection between the compact composition operators and Bh0 arises from the following theorem (see [12]
and [16]):
Theorem A. Assume Cφ deﬁnes a bounded composition operator on B (or on B0). Then its essential norm equals
‖Cφ‖e = lim
s→1−
sup
|φ(z)|>s
∣∣φ∗(z)∣∣. (6)
Moreover, when Cφ acts on B0 , (6) can also be written as
‖Cφ‖e = limsup
|z|→1−
∣∣φ∗(z)∣∣.
Since a bounded composition operator is compact if and only if its essential norm vanishes, we ﬁnd that a composition
operator Cφ on B0 is compact if and only if φ ∈ Bh0 .
2. Norm-attaining composition operators
As was mentioned before, the norm of the composition operator with symbol φ on B (or B0) equals
‖Cφ‖ = sup
D
∣∣φ∗∣∣.
The inequality ‖Cφ‖  supD |φ∗| is a direct consequence of the Schwarz–Pick lemma. To prove the reverse inequality
when the composition operator Cφ acts on B, Montes-Rodríguez [15] proved that for every ε > 0, there exists a logarithmic
function Lθ as in (5) for which ‖Cφ Lθ‖ > supD |φ∗| − ε.
The fact that the norm of a bounded composition operator Cφ on the little Bloch space coincides with the norm of the
same operator on B follows from the fact that the second dual of B0 is isometrically isomorphic to B and that the bi-adjoint
of Cφ as an operator on the little Bloch space is equal to the same composition operator acting on B.
There is another very simple way to prove that ‖Cφ‖  supD |φ∗|, similar to the one used in [15] but involving the
automorphisms of the disk instead of the functions Lθ . Therefore, it works for both spaces B and B0 at the same time, since
every automorphism of the unit disk is in B0 and therefore in the Bloch space. We include the argument here because it
will give us some information about the norm-attaining composition operators on the little Bloch space.
Let S = supD |φ∗|. For every positive integer n with S − 1/n > 0, there exists zn ∈ D with
∣∣φ∗(zn)∣∣= |φ
′(zn)| · (1− |zn|2)
1− |φ(zn)|2 > S −
1
n
.
Denoting by an = φ(zn), the automorphism ϕan satisﬁes
‖ϕan ◦ φ‖
∣∣ϕ′an(φ(zn))
∣∣ · ∣∣φ′(zn)∣∣ · (1− |zn|2)
= |φ
′(zn)| · (1− |zn|2)
1− |φ(zn)|2 > S −
1
n
.
Let n → ∞ to get that ‖Cφ‖ supD |φ∗|, as desired.
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Taking a closer look at the argument given above, we ﬁnd that it can be used to decide when the composition operator
on the little Bloch space attains its norm.
Theorem 1. A composition operator Cφ on B0 is norm-attaining if and only if there exist a point b ∈ D and a sequence {zn} in D with
limn→∞ φ(zn) = b and such that
sup
D
∣∣φ∗∣∣= lim
n→∞
∣∣φ∗(zn)∣∣. (7)
If Cφ is norm-attaining, the function f ∈ B0 is extremal for ‖Cφ‖ if and only if there exists b ∈ D as above and such that also | f ′(b)| ·
(1− |b|2) = 1.
Proof. Suppose Cφ is a norm-attaining composition operator on the little Bloch space. Then there exists an extremal func-
tion f ∈ B0 for ‖Cφ‖. Since lim|z|→1− | f ′(z)| · (1 − |z|2) = 0, we can ﬁnd a positive number 0 < R < 1 such that for every
z ∈ D with |z| > R , we have
∣∣ f ′(z)∣∣ · (1− |z|2) 1
2
.
This easily implies that
sup
{z∈D: |φ(z)|>R}
∣∣ f ′(φ(z))∣∣ · ∣∣φ′(z)∣∣ · (1− |z|2) 1
2
sup
D
∣∣φ∗∣∣= ‖Cφ‖
2
.
Keeping in mind that | f ′(φ(z))| · (1− |φ(z)|2) 1, we obtain
‖Cφ‖ = ‖ f ◦ φ‖ = sup
{z∈D: |φ(z)|R}
∣∣ f ′(φ(z))∣∣ · ∣∣φ′(z)∣∣ · (1− |z|2)
= sup
{z∈D: |φ(z)|R}
∣∣ f ′(φ(z))∣∣ · (1− ∣∣φ(z)∣∣2) · ∣∣φ∗(z)∣∣ ‖Cφ‖.
Thus there exists a sequence {zn} in D with limn→∞ φ(zn) = b ∈ D (because we know that |b| R < 1) such that (7) holds,
and at the same time | f ′(φ(zn))| · (1− |φ(zn)|2) → 1. This implies that | f ′(b)| · (1− |b|2) = 1.
Let us now assume that there is a sequence {zn} satisfying the hypotheses in the theorem. Then every function f in the
little Bloch space with ‖ f ‖ = | f ′(b)| · (1− |b|2) = 1 is extremal for ‖Cφ‖:
‖ f ◦ φ‖ = sup
z∈D
∣∣ f ′(φ(z))∣∣ · ∣∣φ′(z)∣∣ · (1− |z|2)
 lim
n→∞
∣∣ f ′(φ(zn))∣∣ · (1− ∣∣φ(zn)∣∣2) · |φ
′(zn)| · (1− |zn|2)
1− |φ(zn)|2
= ∣∣ f ′(b)∣∣ · (1− |b|2) · sup
D
∣∣φ∗∣∣= ‖Cφ‖.
This proves the theorem. 
It follows from the deﬁnition of B0 that for every f ∈ B0 with norm 1 there exists z0 ∈ D with | f ′(z0)| · (1− |z0|2) = 1.
Given any composition operator Cφ , by choosing an automorphism ψ with ψ(b) = z0 (where b is as in Theorem 1), one can
see that ‖ f ◦ ψ‖ = 1 and ‖Cφ( f ◦ ψ)‖ ‖Cφ‖. Thus, f ◦ ψ is extremal for the norm of Cφ as an operator on B0.
As it was pointed out in Section 1.3, the essential norm of a composition operator on B0 equals
‖Cφ‖e = limsup
|z|→1−
∣∣φ∗(z)∣∣.
Using this formula and Theorem 1, we obtain the following result.
Corollary 2. Let Cφ act boundedly on B0 . If ‖Cφ‖e < ‖Cφ‖, the operator is norm-attaining.
Proof. Note that ‖Cφ‖e = limsup|z|→1− |φ∗(z)| < supz∈D |φ∗| = ‖Cφ‖. It follows trivially that lim inf|z|→1− |φ∗(z)| < ‖Cφ‖, so
by considering a sequence {αn} such that supD |φ∗| = limn→∞ |φ∗(αn)|, it is easy to see that there exists a point α ∈ D with
supD |φ∗| = |φ∗(α)|. Since φ is not a constant function, b = φ(α) ∈ D. We need only to apply Theorem 1 to conclude that
Cφ is norm-attaining. 
We should mention that Cφ is not necessarily norm-attaining on B0 when ‖Cφ‖e = ‖Cφ‖. Indeed, we now give two
examples that illustrate that Cφ may or may not attain its norm when ‖Cφ‖e = ‖Cφ‖.
M.J. Martín / J. Math. Anal. Appl. 369 (2010) 15–21 19Example 3. Consider the self-map of the disk φ deﬁned by φ(z) = (z + 1)/2 that maps D onto the Euclidean disk centered
at z = 1/2 and with radius 1/2.
Since φ ∈ B0, the composition operator with symbol φ acts boundedly on the little Bloch space. It is really easy to check
that supD |φ∗| = 1, and that if {zn} is a sequence in D for which (7) holds, we necessarily have that limn→∞ φ(zn) = 1.
Therefore, Cφ is not a norm-attaining operator on B0 by Theorem 1, but ‖Cφ‖e = ‖Cφ‖.
Example 4. As on p. 27 in [19], for 0< α < 1 the lens map α is deﬁned to be the univalent self-map of the disk
α(z) = σ(z)
α − 1
σ(z)α + 1 ,
where σ(z) = (1+ z)/(1− z) is a linear fractional map from the disk onto the right-half plane.
For each α as before, the domain α is a subset of D symmetric with respect to the real axes and bounded by two
circular arcs that form the angle πα at z = 1 and at z = −1.
It was shown in [11] that for every real number r ∈ (−1,1),
∣∣∗α(r)∣∣= sup
z∈D
∣∣∗α(z)∣∣= α.
Each α belongs to the little Bloch space and therefore it deﬁnes a continuous composition operator on B0. By Theorem 1,
such operator attains its norm since |∗α(0)| = supD |∗α |. Moreover, ‖Cφ‖e = limr→1 |α(r)| = ‖Cφ‖.
A bounded operator is compact if and only if its essential norm equals 0. Therefore, applying the previous corollary, we
get
Corollary 5. Every compact composition operator on B0 attains its norm.
2.2. Norm-attaining composition operators on B
In this subsection we prove that every composition operator on the Bloch space attains its norm and characterize the
extremal functions for ‖Cφ‖.
Theorem 6.
(A) Every composition operator Cφ on the Bloch space is norm-attaining.
(B) A function f ∈ B with norm 1 is extremal for ‖Cφ‖ if and only if there exists a sequence {zn} in D such that both conditions
limn→∞ |φ∗(zn)| = supD |φ∗| and | f ′(φ(zn))| · (1− |φ(zn)|2) = 1 are satisﬁed.
Proof. We ﬁrst show that for every Cφ on the Bloch space there exists an extremal function. Consider a sequence {zn} in D
such that
sup
D
∣∣φ∗∣∣= lim
n→∞
∣∣φ∗(zn)∣∣. (8)
Passing to a subsequence if necessary, we may assume that {φ(zn)} is convergent. There are two possibilities:
(1) If limn→∞ φ(zn) = b ∈ D, the automorphism ϕb as in (4) is an extremal function for ‖Cφ‖.
(2) If limn→∞ φ(zn) = λ, where |λ| = 1, we can apply Proposition 1.3 of [8]. This proposition asserts that there exists an
inﬁnite Blaschke product B whose zeros in D are elements of the sequence {φ(zn)} and such that
lim
n→∞
∣∣B ′(φ(zn))∣∣ · (1− ∣∣φ(zn)∣∣2)= 1. (9)
We will now see that this Blaschke product B is extremal for ‖Cφ‖. By the Schwarz–Pick lemma and (9), we get ‖B‖ = 1.
Moreover, keeping in mind (8) and (9), we obtain
‖CφB‖ = ‖B ◦ φ‖ = sup
z∈D
∣∣B ′(φ(z))∣∣ · ∣∣φ′(z)∣∣ · (1− |z|2)
 lim
n→∞
∣∣B ′(φ(zn))∣∣ · (1− ∣∣φ(zn)∣∣2) · |φ
′(z)| · (1− |z|2)
1− |φ(zn)|2 = ‖Cφ‖.
Thus, B is an extremal function for the norm of Cφ . This proves (A).
Now when we know that an extremal function for ‖Cφ‖ always exists, (B) follows by an argument similar to the one
used in the proof of Theorem 1. 
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rotation or φ(0) = 0 and for every a ∈ D there exists a sequence {zn} in the unit disk with |zn| → 1 such that φ(zn) → a
and at the same time |φ∗(zn)| → 1− . See also [3] for an equivalent but different result. Since a composition operator is an
isometry if and only if every function f with norm 1 is extremal for ‖Cφ‖ = 1, the following result related to the isometric
composition operators on the Bloch and on the little Bloch spaces (modulo constant functions) is a consequence of the
arguments used in this paper.
Corollary 7. A composition operator Cφ is an isometry on B0 modulo constant functions if and only if φ is an automorphism of the
disk. The operator Cφ is an isometry on B (modulo constant functions) if and only if either φ is an automorphism of D or for every
a ∈ D there exists a sequence {zn} in the unit disk with |zn| → 1 such that φ(zn) → a and at the same time |φ∗(zn)| → 1− .
2.3. A Bergman space example
We know now that not every composition operator attains its norm on B0 but every composition operator is norm-
attaining on B. One may think that this is not surprising since the Bloch space is “big enough” to ﬁnd extremal functions.
However, the following example shows that the fact that a composition operator is norm-attaining does not depend only
on how large the space is but also on its norm.
Recall that the Bloch space is contained in every Bergman space Ap , with p  1, deﬁned as the set of analytic functions
in D such that
‖ f ‖p =
(
1
π
∫
D
∣∣ f (z)∣∣p dA(z)
)1/p
< ∞.
Here, dA is the Lebesgue area measure on D. In particular, the Bergman space A2 is a Hilbert space with inner product
given by
〈 f , g〉 = 1
π
∫
D
f g dA.
Due to the Littlewood subordination principle, every composition operator is bounded on Ap (see [6, p. 117]).
Being A2 a Hilbert space, whenever the essential norm of a bounded operator is strictly smaller than its norm, the
operator attains its norm on A2 (see [9] for a proof). Thus, in order to prove the existence of a composition operator which
is not norm-attaining on A2, we need to ﬁnd a self-map φ of D for which ‖Cφ‖e = ‖Cφ‖. In order to do this, we are going
to use a result from [21]. The reader should be warned that there are two results in that paper that are not correct due to
some miscalculations, namely, Theorem 6 and Corollary 9 (see [22], where these miscalculations are corrected). What we
are going to use is Theorem 8 in [21]. We state it here for the sake of completeness.
Theorem B. Let φ be a univalent self-map of D which has angular derivative at least at one point on the unit circle T (so Cφ is a
non-compact operator on Ap). Suppose, moreover, that minT |φ′| = infD |φ′|. Then, considering Cφ as an operator on Ap, 1< p < ∞,
we have
‖Cφ‖e = ‖Cφ‖ =
(
min
ζ∈T
∣∣φ′(ζ )∣∣)−2/p =
(
limsup
|z|→1−
1− |z|2
1− |φ(z)|2
)2/p
.
Note that |φ′(ζ )|, for ζ ∈ T, in this theorem should be understood as in [21, Section 3.1], that is,
∣∣φ′(ζ )∣∣= lim inf
z→ζ
1− |φ(z)|
1− |z| ,
whenever this lower limit is ﬁnite, and |φ′(ζ )| = ∞ otherwise. As is mentioned in [21], this deﬁnition, in general, does
not coincide with the modulus of the boundary values of φ′ (if those exist). Thus, in [21], minT |φ′| always refers to the
minimum of the modulus of the angular derivative, while infD |φ′| refers to the values of |φ′| in the disk. In particular, if we
want to apply Theorem B to univalent maps of D which have ﬁnite angular derivative only at one point ζ on the unit circle,
we also need to check that the value of this angular derivative equals infz∈D |φ′(z)|.
To ﬁnish this subsection, let us see that there are composition operators on A2 that do not attain their norms.
Example 8. Consider the self-map of the disk
φ(z) = 4z + 2 .
z + 5
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at z = 1, and its value is 1/2. Also, infD |φ′| = 1/2, so that by Theorem B, we obtain that ‖Cφ‖e = ‖Cφ‖ = 2. (Notice that
we could have obtained the same result by applying the formula for the essential norm of a composition operator on A2 of
Poggi-Corradini given in [17], and using a result based on the cosubnormality of Cφ on A2 (see [4]), respectively.)
To see that Cφ does not attain its norm on A2, let us assume the contrary: there exists a function f ∈ A2 with Bergman
norm 1 and such that ‖ f ◦ φ‖ = ‖Cφ‖. Using an argument similar to the one in the proof of [21, Theorem 8], we get
‖ f ◦ φ‖22 =
∫
D
| f ◦ φ|dA =
∫
φ(D)
| f |2
|φ′ ◦ φ−1|2 dA
 1
infD |φ′|2
∫
φ(D)
| f |2 dA  ‖Cφ‖2,
so that our assumption implies that φ′ is constant. This is clearly a contradiction.
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